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We study a method of Lonz and Vanstone which constructs an S,(3,4,2n) from 
any given l-factorization of K,,. We show that the resulting designs admit at least 3 
mutually orthogonal resolutions whenever n > 4 is even. In particular, the necessary 
conditions for the existence of a resolvable S,(3,4, v) are also sufficient. Examples 
without repeated blocks are shown to exist provided that n f 2 mod 3. :P ,986 
Academic Press, Inc. 
The main result of this paper is the construction of a resolvable 
S,(3,4,4n) for all values of n. (See Beth, Jungnickel and Lenz [2] for 
undefined terms and background on designs.) This shows that the 
necessary conditions for the existence of a resolvable S,(t, k; u) are suf- 
ficient for the triple (2, t, k) = (3, 3,4) and thus also for all triples (3a, 3, 4), 
where a is odd. To our knowledge these are the first such triples with r 3 3; 
for instance, the existence question for resolvable quadruple systems 
S(3, 4, v) is still open in spite of considerable effort. We shall also consider 
automorphism groups, mutually orthogonal resolutions and the question 
of simplicity for the designs constructed. 
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We will use a general construction method for designs S,(3,4, u) due to 
Lonz and Vanstone [lo]. By the arithmetic conditions, o has to be even, 
say u = 2m. Let H be any l-factorization of KZmr where K,, is the complete 
graph on a 2m-set V. For each factor FE H and for each pair of edges e, 
e’ E F, form the set of four endpoints of e and e’. Denote the collection of all 
such 4-sets by B; then it is easily checked that D, = (V, B) is an 
S,(3, 4, 2m). We call D, the S,(3, 4, 2m) associated with H. The existence 
of I-factorizations of K,, for all values of m is well known; see, e.g., [2, 
Example 1.5.71 for a simple class of examples. Thus the construction of 
[lo] yields an extremely short proof for Hanani’s [S] result that the 
necessary conditions for the existence of an S,(3,4, u) are sufficient. From 
the construction described, the following result is obvious. 
PROPOSITION 1. Let H be a l-factorization of Kz, and D = D, the 
S,(3,4, u) associated with H. Then Aut H < Aut D. 
By a result of Hartman and Rosa [6], there exists a transitive l-fac- 
torization H of K,, (i.e., a l-factorization H for which Aut H is transitive 
on the points of K,,) for all m. Thus we obtain 
THEOREM 1 (Kohler [9]). There exists a transitive S,(3,4, 2m) for 
all m.  
As usual, we call an incidence structure rotational if it admits an 
automorphism group fixing one point and permuting the remaining points 
in one cycle. The well-known existence of a rotational l-factorization of 
K,, (see [2. Example 1.5.73) then implies: 
THEOREM 2. There exists a rotational S,(3,4, 2m) for all m. 
Next, we consider the question of resolving the designs S,(3,4, a) 
associated with 1-factorizations. Clearly this can only be achieved if 
2m = u = 0 mod 4, i.e., if m = 2n is even. The next result shows that this con- 
dition is sufficient. 
PROPOSITION 2. Let H be any l-factorization of KJn and D = D, the 
associated S,(3, 4, 4n). Then D is resolvable. 
Proof Given any factor FEH, each pair of edges on F determines a 
block of D (as described above). Thus the blocks belonging to F arise from 
the complete graph K, on the 2n edges in F. Clearly any l-factorization of 
K, induces a resolution of the blocks belonging to F. Applying this for each 
FE H we obtain the desired resolution of D. 
Theorems 1 and 2 now yield together with Proposition 2 our main result, 
i.e., the existence of resolvable designs S,,(3,4, u) for all u. The first series 
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of such designs seems to be that of Beth and Jungnickel [I], where exam- 
ples were constructed for all u = q + 1, q = 3 mod 4 a prime power. 
THEOREM 3. The necessary conditions for the existence of a resolvable 
S&3,4, u) (a odd) are sufficient. In fact, there exist both a transitive and a 
rotational resolvable S,,(3,4,4n) for all n. 
We will now provide a strengthening of Proposition 2. The proof of 
Proposition 2 shows that each l-factorization of K,, will yield a resolution 
of the S,(3,4, v) D under consideration. Recall that two resolutions of an 
incidence structure are said to be orthogonal if any parallel class in the first 
resolution meets any parallel class in the second resolution in at most one 
block. One now easily obtains the following. 
PROPOSITION 3. Let H be any l-factorization of K4,, and D the 
associated S,(3, 4, 4n). If K2,, admits c mutually orthogonal I-factorizations, 
then D admits c mutually orthogonal resolutions. 
We refer the reader to [3,4, 71 for results on the existence of mutually 
orthogonal 1 -factorizations of K,, ; note that some of these results are 
stated in different but equivalent language (using Room t-cubes or pairwise 
orthogonal symmetric Latin squares). We mention only two consequences 
of Proposition 3: 
PROPOSITION 4. Let H be any l-factorization of Ken (n 3 2) and D the 
associated S,(3,4,4n). Then D admits at least 3 mutually orthogonal 
resolutions. If 2n - 1 is a prime power = 3 modulo 4, then D admits at least 
n - 1 mutually orthogonal resolutions. 
Of course, one may combine Proposition 4 and Theorem 3 to see that 
these cases arise, even if one asks for a transitive or rotational example. 
Finally, we will consider the question of obtaining simple designs (i.e., 
designs without repeated blocks) associated with 1-factorizations. It seems 
that the existence question for simple designs S,(3,4, v) has not been 
settled. The original construction of Hanani [S] will in general yield exam- 
ples with repeated blocks. Kohler [9] has obtained a simple cyclic 
S,(3,4, v) for all v = 2 mod 4; and the examples of [ 1 ] mentioned before 
yield simple resolvable designs S,(3,4, q + 1) whenever q = 3 mod 4 is a 
prime power which is not = 19 mod 24. We have not been able to settle this 
question in general, but we will provide examples for v & 1 mod 3, which 
leaves only the case u = 4 mod 12 open. 
THEOREM 4. Let n $ 2 mod 3. Then there exists a simple rotational 
S,(3, 4, 2n). If n is even, this design admits at least 3 mutually orthogonal 
resolutions. 
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ProoJ We shall use the rotational l-factorization H described in [2, 
Example 1.5.71. In slightly different notation, H consists of the images of a 
l-factor F0 under Z2,, _ 1. Here the point set is Z,, _ r u {co }, and F, con- 
tains the edges (co, O> and all (i, - i} (i = l,..., n - 1). Thus Fj contains 
{co,j} and all {h,k} with h+k=2’ 1 mod 2n - 1. Let D be the S,(3,4,2n) 
associated with H. Assume that a block B of D is repeated; we may assume 
that B belongs to F,,. We have to distinguish two cases. First assume 
co E B, say B arises from the edges {co, 0} and {i, -i}, and also from 
{co, i} and (0, -i}. Th is implies (0, -~}EF,, and thus 3i-Omod2n-1. 
Since n f 2 mod 3, we obtain i = 0, a contradiction. Finally, let 00 4 B, say 
B arises from {i -i} and {h, -h}, as well as from {h, i} and { -h, - i}. 
Then {h, i}, { -h, -i} belong to l-factor Fj and thus h + i = -h - i = 2j 
mod 2n - 1. So 2h z 2i and, since 2n - 1 is odd, h z i, which is again a con- 
tradiction. This proves that D is simple. The remaining assertions follow 
from Propositions 1 and 4. 
COROLLARY. If v is even and v f 4 mod 12, then there exists a simple 
w3,4, 0). 
Proof: Use Theorem 4 and the result of Kohler [9]. 
We finally mention that Lonz and Vanstone [lo] have also considered a 
simiiar construction for 5-designs S,,(5, 6, v); we wiil study this construc- 
tion in a forthcoming paper [8]. 
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